Abstract. Let d ≥ 2 be an integer. Denote by E d and E ′ d the hyperelliptic curves over Fq given by 
Introduction and statement of results
In [9] , Greene introduced the notion of hypergeometric functions over finite fields or Gaussian hypergeometric series which are analogous to the classical hypergeometric series. Since then, many interesting relations between special values of these functions and the number of F p -points on certain varieties have been obtained. For example, Koike [11] , Fuselier [8] , Lennon [13, 14] , and the authors [4, 5] gave formulas for the number of F q -points on elliptic curves in terms of special values of 2 F 1 Gaussian hypergeometric series. Ono [15] expressed the trace of Frobenius of the Clausen family of elliptic curves in terms of a 3 F 2 Gaussian hypergeometric series. Also, Vega [17] and the authors [2, 3] studied this problem for certain families of more general algebraic curves.
In all the known results connecting Gaussian hypergeometric series and algebraic curves, expressions are obtained in terms of 2 F 1 and 3 F 2 Gaussian hypergeometric series. Hence, the task remained to find similar results for n+1 F n Gaussian hypergeometric series with n ≥ 3. Ahlgren and Ono studied this problem and deduced the value of a 4 F 3 hypergeometric series at 1 over F p in terms of representations of 4p as a sum of four squares using the fact that the Calabi-Yau threefold is modular [1] . For n > 3, the non-trivial values of n+1 F n Gaussian hypergeometric series have been difficult to obtain, and this problem was also mentioned by Ono [16, p. 204] . Recently, the authors [6] found expressions for the number of zeros of the polynomial Hyperelliptic curves play a crucial role in cryptography and counting points on such curves over a finite field is an important problem. No connection between Gaussian hypergeometric series and hyperelliptic curves have been shown to date, except for elliptic curves which are special cases of hyperelliptic curves. In this paper we consider the problem of expressing the number of points on certain families of hyperelliptic curves in terms of special values of hypergeometric functions over finite fields. We also show that the results of Lennon [13] and the authors [4] on trace of Frobenius of elliptic curves follow from the main results.
We begin with some preliminary definitions needed to state our results. Let q = p e be a power of an odd prime p, and let F q be the finite field of q elements.
Let F × q denote the group of multiplicative characters χ on F × q . We extend each character χ ∈ F × q to all of F q by setting χ(0) := 0. If A and B are two characters on
where J(A, B) denotes the usual Jacobi sum and B is the inverse of B.
Recall the definition of the Gaussian hypergeometric series over F q first defined by Greene in [9] . Let n be a positive integer. For characters A 0 , A 1 , . . . , A n and B 1 , B 2 , . . . , B n on F q , the Gaussian hypergeometric series n+1 F n is defined to be
where the sum is over all characters χ on F q . Throughout the paper, for d ≥ 2 and a, b = 0, we consider the hyperelliptic curves
respectively.
In this paper we give two explicit formulas for the number of 
where χ and ψ are characters of order d and 2(d − 1), respectively; and
e , p > 0 be a prime, and let N d denote the number of
where ψ and ξ are characters of order 2(d − 1) and 2d(d − 1), respectively; and
We now state similar results for the curve E 
where χ and ψ are characters of order d and 2(d − 1), respectively; and β = bd
where η and ρ are characters of order 2d and (d − 1), respectively; and β = bd
From Theorem 1.1 and Theoem 1.3, we have the following result.
We now give two examples to show how the above theorems are applied in specific values of d.
q and q ≡ 1(mod 24). Also, let χ 4 and χ 6 be characters of order 4 and 6, respectively. Then from Theorem 1.1, we deduce that
From Theorem 1.3, we deduce that
φ, χ 6 , χ
where ξ and ψ are characters of order 8 and 40, respectively. Again from Theorem 1.4, for q ≡ 1(mod 20), we deduce that
where χ 4 and η are characters of order 4 and 10, respectively.
Preliminaries
In this section, we recall some results which we will use to prove our main results. We start defining the additive character θ :
where ζ = e 2πi/p and tr : F q → F p is the trace map given by
For A ∈ F × q , the Gauss sum is defined by
Recall that T denotes a fixed generator of the cyclic group F × q . We denote by G m the Gauss sum G(T m ). The following lemma provides a formula for the multiplicative inverse of a Gauss sum.
The following lemma gives a relationship between Gauss and Jacobi sums.
We now state the orthogonality relations for multiplicative characters.
Lemma 2.3. ([10, Chapter 8])
. We have
Using orthogonality, we can write θ in terms of Gauss sums as given in the following lemma. 
We have the following two special cases of Davenport-Hasse relation. For details, see [6] . Corollary 2.6. Let d be a positive integer, l ∈ Z, q = p e ≡ 1 (mod d), and t ∈ {1, −1}.
• If d > 1 is odd, then
• If d is even, then For d ≥ 2, the hyperelliptic curve E d defined over F q is given by
Then the number of points on E d over F q is given by
where
Using the elementary identity from [10] z∈Fq θ(zP (x, y)) = q if P (x, y) = 0; 0 if P (x, y) = 0, we obtain that
We use Lemma 2.4 and Lemma 2.3 repeatedly in each term of (3.1) to simplify and express in terms of Gauss sums. We obtain
Similarly, Expanding the next term, we have
Finally,
The innermost sum of D is nonzero only if k = 0 or given as
l,m,n=0
Here, the term D q−1 2 is zero unless n = −md and l = (d − 1){m + q−1
2(d−1) }. Then using Lemma 2.3, we have
Thus, combining values of A, B, C, D all together in (3.1), we have
If d ≥ 2 is an even integer, from (2.2) and (2.3), we have
and
.
Using these in (3.2), we obtain
Using Lemma 2.2 in each term in bracket, we deduce that
Thus Lemma 2.1 yields
. Hence (3.3) completes the proof of Theorem 1.1. Now we prove Theorem 1.2. For d > 1 odd integer, the Davenport-Hasse relations (2.2) and (2.3) yield
We use these relations in (3.2) to obtain
To eliminate G m G −m , we use the facts that if m = 0, then
in appropriate identities above. After that, we rearrange the second term to deduce that
}.
Using Lemma 2.2 in the first term, and then Lemma 2.1 in both terms, we obtain
Replacing m by m − q−1
in the first term, we have
. We complete the proof of Theorem 1.2 by putting the above value of D q−1 2 in (3.3). Now we show that Theorem 2.1 of Lennon [13] follows from Theorem 1.2. 
Proof. We have E 3 : y 2 = x 3 + ax + b with a, b = 0. Hence, j(E 3 ) = 0, 1728. For q ≡ 1 (mod 12), from Theorem 1.2, we have
We complete the proof using the fact that a(E(F q )) = a(E 3 (F q )) = q − N 3 . 
